MMO 2026, 10 kjacc, pelienust 3a1a4

1. Tau octpoyrosibabiit Tpeyrosbauk ABC. Ha ero onmcannoit OKpy>KHOCTH OTMEYIeHa,
touka D, ntnamerpasbHO poTtuBonosoykHas BepimuHe A. Toukn X u Y ma cropone BC
takoBbl, uT0 BX = XD u CY = YD (rouka X Jjexkur Ha orpeske BY). lokaxwure,
qro DA — 6uccekrpuca yriaa X DY

Pewenue 1. Illycts O — nentp onucannoit okpyxkuoctu tpeyrosbauka ABC. Pac-
cvotrpuM Tpeyroibaukun BOX n DOX. B vux OB = OD kak paguycel, BX = DX
o ycsioButo, OX — ob1mast cTOpoHa, MO3TOMY OHU PaBHBI 110 TpéM cToporam. CiemoBa-
tesibHO, ZO0DX = Z0OBX. Ananornuno tpeyroapankn COY u DOY paBHBI IO TpEM
croporaMm, moaromy ZODY = Z0OCY . Ho tpeyroabauk O BC paBHOOEIpEHHBI, T109TO-
My ZOBX = Z0CY , 1o ectb ZODX = ZODY , ato u TpebOBaIOCh JOKA3ATh.
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Puc. 1. x pemenuto 1 3aaun 1 Puc. 2. k pemenuto 2 3aa4un 1

Pewenue 2. Tak xkax Tpeyrosbuuk BX D pasuobenpennsniii, to Z/BDX = ZDBX.
Tora

LADX = ZADB — /BDX = ZACB — ZDBX = LZACB — ZDAC.

N3 parOobeipentoro Tpeyroibauka AOC ciemyer, 91o

LAOC _ 2LABC
2

Takum obpazom, ZADX = ZABC + ZACB — 90°. Anajoruuno Boipasus ZADY , 1o-
JiyauM Takoe ke Boipakerue. CienoBarensuo, LZADX = ZADY, aro u TpeboBasoch
JIOKa3aTh.

Pewenue 3. Ilpogmum DX m DY 10 MOBTOPHOTO IiepecevdeHns ¢ OKPYKHOCTBHIO B
Toukax P un () coorBercTBeHHO. Tak KakK MMEIOT MECTO PABEHCTBA BIUCAHHBIX YIJIOB

LOAC =90° — =90° — LABC.




/BDP = /ZDBC un ZCDQ = ZDCB (u BCce 3Tu yriibl — OCTpbie), GyJAyT paBHBI
rpaJIyCHbIE MepBI JyT, Ha KOTopble oHu ommpatorcsa: PB = CD u QC = BD. Torma
AP =ABD—-BD—-PB=ACD —QC —CD = AQ), HO TOr/]a paBHBI BIUCAHHDBIE YTJIBI
/ZADP = ZADQ xak onmparolnuecss Ha paBHbBIE JIyTH, 9TO U TPeOOBAJIOCH JTOKA3aTh.

2. Jlano KkpaaparHoe ypasaenue ax? + bx + ¢ = () ¢ IeIbIMI HeHyJIeBbIME KO3 hUIm-
eHTaMU @, b u ¢, uMmerotee Meblii KopeHb. MoxKeT i OKa3aTbCsl, YTO €C/IM YBEJIUIUTh
JII000# 13 3TUX TPEX Ko duimenToB Ha 1, TO MOJIyYeHHOE YPaBHEHUE OCTAHETCH KBAJI-
pPATHBIM U TaKKe OyIeT UMeThb IEeJIbIii KOPEHb !

Omeem: na, MOXKeT.

Pewenue. O6oznaunm kBaaparnbie Tpéxuienst fi(z) = (a + 1)z + bx + ¢, fo(x) =
az? + (b+1)x+c=0u f3(z) = az? + bx + ¢+ 1. Ecam Gyer BBIIOIHEHO PaBEeHCTBO
a+b+c+1=0, o equaniia OyeT KOPHEM BCEX TPEX KBAJIPATHBIX TPEXWIEHOB fi, fo
u f3. Teneps Hy:xHO, 9T06LI ypasHenue azr? + br + ¢ = 0 TakxKe UMeJIO HeJblii KOpeHb.
JlocraTodHo BBITTOTHUTE yeaoBue 4a+ 2b+ ¢ = 0, Torma apoiika Oyjer kopaem. OcTtaérest
BBIODATH IMOJIXOJIAINEe pEIeHne CUCTeMbl M3 JIBYX JIMHEHHBIX ypaBHeHwuit. Hampuwmep,
MOKHO B34Tb @ = 2,b = —H u c = 2.

3. Nmeetcst 1BecTH MIAPUKOB CTa IBETOB, 110 JIBa IMIApUKa KayKJI0T0 1npeta. POKyCHUK
PA3JIOKIUT UX [TPOU3BOJIBHBIM 00Pa30M B CTO KOPODOYEK, 1O JIBa ITapuka B KOPODOUKY,
rJie 9TO JIEXKUT - UTPOK He 3HAET. 3a XOJI UTPOK yKa3blBaeT Ha JIOObIe jiBe KOpOOOUKH,
ocjie 1ero GOKYCHUK HE3aMETHO I UT'POKA BBLIOUPAET TI0 MAPUKY U3 ITHX KOPOOOUIeK
U MeHsieT uxX MectamMu. Ecjnm B KakOil-TO MOMEHT B KaxKJIOi KOPOOOUKe OY/IyT JieKaTh
PA3HOIBETHBIE MIAPUKHU, BEIYIINI BbJIACT UTPOKY mpu3. MoxKeT Jin urpok JeficTBoBaTh
TakK, 9TO00BI TAPAHTUPOBAHHO MOJIYIUTh MPU3, KaK Obl (POKYCHUK HU MEHSJT TIAPUKN’

Omeem: 51a, MOXKeT.

Pewenue. Pazobbém Bce kopobouku Ha 50 map MOAps UAYIUX U IPOHYMEPYEM 3TU
napbl cjieBa HaIpaBo. ByjemM roBopuTh, 9TO IPUMEHsIEM OMEPAIUIO JIJIs OJTHON U3 ITHUX
map, ecjii Mbl yKa3blBaeM Ha JBe KOpOOOUKM 3Toi mapbl. HazoBém mapy Iioxoit, ec-
JIN XOTsI OBl B OJTHOI M3 KOPOOOYEK JTAHHON Taphl JieXKaT OJIHOIBETHBIE MMAPUKH, MHATE
HA30BEM TIapy XOpOIei. 3aMeTnM, ITO eCJM Mbl YKa3blBaeM Ha IJIOXYIO Iapy, TO OHa
0053aTe/IbHO CTAHOBUTCA XOpoIieit. JIokaykeM CJIeIyIoIyio JIeMMY.

Jemma. s moboro marypaabHoro n < 50 CyIecTByeT MoC/Ie/I0BATEILHOCTD Ollepa-
Uit K IepBBIM N TIapaM, IIPU KOTOPOil rapaHTUPOBAHHO CYIIECTBYET MOMEHT, KOIJia BCe
9TU N TAP CTAHOBSTCS XOPOIITMMHU.

Joxaszamensvemeo. Bynem uctonb3oBaTh nHayKImo 1o n. Jas n = 1 npocto nmpume-

HsIeM OJIHY OIIEPAINIO K IIEPBOIi mape.
Jokaxkem miepexos. IlycTs yTBepKIeHNE JIEMMbI BBITTOJIAHETCS JIA 1 — 1, JIOKAXKeM ero
it n. [Ipumennm mocsieioBaTe/IbHOCTD ONepaIuii U3 MPEIIOIOKEHNS WHIYKIIUA JIJIst
nepBbix 1 — 1 map. [locse sToro mpumeHnM oreparuio K n-oif mape, a moTOM eIle pas 1mo-
BTOPUM TIOCJIE0BATE/ILHOCTD OMepaIinii /it mepBbix 1 — 1 map. Takum obpa3oM, He3aBHU-
CHMO OT TOTO, ObLJTa JIN N-asi apa W3HAYAIBHO IJIOXOH Wi Xoporei, HaifIETcsi MOMEHT,
KOIJIa Bce TepBble n nap OymayT xopomuMmu. [lepexos mokazam.

[To temme jiytst 1 = 50 y HAC CYIIECTBYET MOCJIEIOBATETLHOCTD OIEPAIIHiL, IPU KOTOPOI
Bce 50 map B KAKOW-TO MOMEHT rapaHTUPOBAHHO CTAHYT XOPOIIUMU, ITO U TPEOOBAIOCH.

4. Ha cropone BC' tpeyrompuuka ABC' Bbibpanbl Touku D u E tak, aro BD =



DE = CFE. Ha orpeskax AB, AC, AE u AD Boibpanbt Toukn L, K, P u ) (Bce Touku
A,B,C,D,E K, L, P, paznu4nble) COOTBETCTBEHHO TaK, 4TO

LFEAD = /PDE = ZQED = ZAKP = ZALQ.

Hoxkaxwure, auto LK + DE < AD + AFE.

Pewenue. Cragara nokaxkem, ato AF = LE. [IpuBegém 1Ba BO3MOXKHBIX CIIOCODA.
Cnoco6 N1. Tpeyronbankun DAFE u DE(Q nonobusl, T.K. ZDAE = /DEQ u /ZEDA =
ZEDQ. Orciona cienyer, uro 24 = PE 16 ecrp DE? = DA - DQ. llpu sto DE = DB,

DE — D@’
nostomy DB? = DA - DQ. B takom ciaydae Tpeyroabiuku DAB u DBQ Taxxke 110-
JIOOHBI, T.K. g—g = g—g n /BDA = /ZBDQ@. 3 sToro momobusi cjielyer paBeHCTBO

/DAB = ZDBQ.

ITo ycnoeuio /BE(Q) = ZQFE A, nosromy deTbipéxyroibuuk E(Q) LB — suucannbrii. [To-
JydaeMm 1enodky pasencts /DAB = /DBQ = ZFELQ. Torna /ELA = ZELQ +
QLA =/DAB+ /DAFE = ZFEAL, nostomy AE = EL.

Cnoco6 Ne2. Tlpopyus otpe3ok AD 3a Touky D Ha ero JiMHy, MOJYYUM TaKyIlO TOU-
Ky M wua jnydge AD, aro AD = DM, torma AEM B — deTblpexyrojibHUK, B KOTOPOM
JIMArOHAJIN JIEJISTCS TOYKON IepecedeHns MomoaM, a 3HaduT, napaJiegsorpamMm. U3 ma-
pasutesnibHOCTH sICHO, uT0 ZAM B = /FEAM . Yerpipexyronabuuk QM B — BrumcaHHbBIH,
mockoybky ZQFEB = ZQM B, 10 ectb Touka E jexxut Ha onmcaHHoit okoao AQBM
okpyxkHOCTH. Herbipexyroabuuk (QLBM — Buucanublii, mockonbky LALQ = ZQM B,
TO ecTh TOYKa L JieXKuT Ha onucanHoir okoysio AQBM okpyKHOCTH. 3HAYUT, TOUKU
ELBM nexar Ha OJIHON OKPYXKHOCTH, W YeThIPEXYroJbHuK K LBM c napaJjieabHbl-

Mu croponamu KM w LB — paBHOOepeHHAs Tpalelus WA IPAMOYTOJIbBHUK, TOTJIa
EL = BM = AFE. Tlonyaaem Tpebyemoe.



Terepb puBEIEM OCTABIIYIOCS aCTh PeIeHns 3a1a49n. AHATOTUIHO paBeHCTBY AF =
LFE nokasbiBaercs paBercrBo AD = DK. U3 ycnoeus cieyer, aro orpe3ku LE nw DK
nepecekarores (JeficTBuTesbHO, L u D jiexkar ¢ oJiHO# cTopoHbI oT 6uccekTpuchl ZDAE),
a K u F — ¢ apyroii). Torga nepasencrso LK + DE < AD + AFE ciiejiyer u3 TOro, 4ro
cyMMa, guaroHaJeil yeroipexyroibauka LK ED 6osbiine cyMMbI €r0 IIPOTHBOIOIOKHBIX
cropon LK u DE.

5. HazoBém Habop u3 k 1mocjieloBaTeIbHbIX HATYPAJIbHBIX TUCET TOPOULUM, €CTIU MOYK-
HO Yy KazKJIOI'0O U3 9TUX YUCEJI BbI6paTb 110 IIPOCTOMY AEJIUTEJIIO TaK, LITO6[)I ¥V BCAKHUX JIBYX
Pa3HbIX YKces ObLIN BHIOPAHBI pa3Hble JeUTe/ M. B poTuBHOM ciiydae HA30BEM HaOOP
naozum. Ipr Besskom Jim HaTypaJbHOM k KOJIMYECTBO ILJIOXUX HAOOPOB U3 k 10c/Ie10Ba-
TEJILHBIX HATYPAJbHBIX YUCEJI KOHETHO?!

Omeem: 5a, KOJHIECTBO ILJIOXUX HAOOPOB KOHEYHO JIjisl JTFOOOTO HATYPAJIHHOTO K.

Pewenue. Ilycts n > k*. Jlokaskem, aro mabop n + 1,...,n + k aBjIgeTcsa XOPOIIIM.
OrmernMm, gTo jr0bas mapa Yuces 3TOro Habopa He MOXKeT MMeTh OOIINi JIe/TTe b,



oosbmuit k. JlelicTBUTEILHO, €CJIM eCTh TaKoi OOIMil JenuTesb, TO Pa3HOCTh YNCeI
TaKKe MMEET ITOT JIeJIUTEIb, HO BCE PA3HOCTU MEHbIIE k.

PaznenuMm Bce uncia Hamrero Habopa Ha JIBe TPYIIBL. B IepBYyIO TPYIITY BO3BMEM Te
YUCTIa, Y KOTOPBIX €CTh XOTs ObI OJIMH IPOCTOM JeTUTeNb, 00BN £, BO BTOPYIO I'PYTIILY
— BCe OCTaJIbHbIE JHCIIA.

Kazktomy 4amcty m3 mepBoil rpyIiibl TPOCTO COIIOCTABUM JIIOOO# ITPOCTOMN e TUTE b,
KOTOPBIH Oostbine k. flcHo, 9T0 JlaHHbIe TTPOCTHIE JIETUTE/H He OYIYT COBIAIATD.

[Iycts py, ..., pm — BCe IPOCTBIE YHUCa, He OoJibiue k. Kakioe u3 3Tux 4duces BTO-
POif TPYIIIBI MOXKHO HPEJCTABATL B BUe pi’ ... ptm, e o — IieJIble HeOTPUIATE/IbHBIE
qucsta. JIJ1s KayKioro n3 9ncest Takoro BUJA BBIOEPEM JeUTeNb p; TaKoii, 9To p;* Mak-
cUMaJieH cpeu MHoxKuTe el pit, . .., p%m. V3 yeiosus n > kF cienyer, uro s sroro i
6yzer BoinosHeHo p;t > k. Torma BeiGpaHHBIE TPOCTHIE YnCIa OYIyT PA3JINIHBL, HHATE
y KaKUX-TO JIBYX 4uces HaOopa OyJeT oOImmil JeauTesb, 00abmuii k.

6. Jano narypasnbuoe n > 2. Cummerpudeckuii Muorouied P(xq,...,Z,) TaKOB, 9TO
ypasuerune P(xi,...,x,) = 0 uMeeT BeIeCTBEHHBbIE DEICHUs, IPUIEM BCE STHU perle-
HUsl TIOJIYYalOTCsd MEePECTAHOBKON YMCeT U3 OJIHOTO €JUHCTBEHHOIo Habopa ai, ..., dy,.
N3BecTHO, 9TO B 9TOM HAOOpE €CTh XOTd OBI J[Ba Pa3IUYIHbIX dnciaa. /g kaxmaoro n > 2
HailluTe HAUMEHBIITYIO BO3MOXKHYIO CTEIIeHb MHOro4IeHa P.

Omsem: 4 nna moboro n > 2.

Pewenue. PaccMOTpuM MHOTOU/IEH YeTBEPTON CTEeHN

P(xy,...,z,) = Z xfx?%— zn::r;i—l
i=1

1<i<j<n

2

Ecmt P(a1,...,a,) =0, 10 Y " ja; =11 aq;a; =0 gt Beex 1 < 4 < j < n. B Takom
cJlydae OJfHO M3 UHCEesI 9TOT0 HAbOpa JOJXKHO ObITh PABHO €JIMHUIIE, & BCE OCTAJIbHBIE
quca paBHbI HyJ0. Takum 00pa3oM, JAHHBI MHOTOYIEH MOJIXOIUT O] YCIOBHE.

Tereps 1mokazkem, 4TO CTElleHbh MHOIOYJIEHA HE MOKeT ObITh MEHbIIEe 4YeThIpEx. bes
OrpaHuYeHnst OOITHOCTH, Oy/IeM CIUTATh, UTO G # Gg. PaceMorpum MHOTOUIEH Q (2, Y) =
P(z,y,as,...,a,) Or AByX IepeMeHHbIX. fIcHO, ur0o () — cummerpuyeckuii u Q(z,y) =
0 rosbko tpu {x,y} = {a1,as}. Bamerum, uro deg P > deg (), 109TOMY JIOCTATOUHO
mokasarhb, 9To deg () > 4. Takum 0Opa3oM, MbI CBEJIM OIEHKY TOJIBKO K CIyYaio n = 2.

[Ipeamonoxkum, aro deg @) < 3. Samumiem () B cTaHgapTHOM Buje. Bo3bMéM mpo-
M3BOJIbHOE YHCJIO @', OTJIMIHOE OT G W Go. Paccmorpum muorowien Q(x,a’) or ojHoit
nepementoii. OH He MOXKeT OBITh TEPBOil MJIM TPETbE CTeleHu, T.K. HHa9e OH MMeJT Obl
KopeHb, nodromy deg Q(z,a’) = 2 (HyneBoit cremnenu, oueBuHO, ObITH HE MOXKeT). B
TaKoM ciiydae MOHOMOB z° (1 y> cooTBercTBeHHO) B pasjoxkenun He 6yer. Torma MoHO-
MOB %y 1 zy? TakKe ObITh He MoxKeT, uHavue (Q(x, ) GbLT GbI TpeTheil CTeeHN U uMeT
KOpEHb.

Takum 06pa3oM, MbI MOKEeM HPeJICTaBUTh Halll MHOTO4YJIeH B Buje Q(z,y) = a(x? +
y?) + bry + c(x +y) + d, riae a # 0. Bes orpannyenus obHocTH, Gy1eM CUATATH, ITO
a > 0. Paccmorpum ypasuenue Q(x,a; + ao — &), OHO JIOJIZKHO MMETH POBHO 2 KODHS a4
u ay. [lonygaem napabosty ¢ BeTBIMHU BBEPX U JBYyMsi KOPHSIMU, [TOITOMY HeE HaiiaéTcs
u orpurareiabroe 3Hadenne Q(xy1,y;) < 0. Ocramoch 3ameruth, 9o Q(x,Yy;) sBIsIETCS



TakzKe 11apadoJsIoil ¢ BETBAMU BBEPX U OTPUIATETLHBIM 3HAYEHUEM, TIO9TOMY MMEET JIBa
KOpH4, YTO IIPOTUBOPEYUT YCJIOBUIO.



